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ARTICLE INFO ABSTRACT

Keywords: Glasses are typically isotropic, but permanent or transient anisotropy can be induced by tensile strain. We use
Glass persistent homology (PH) analysis to explore the topological effects of such anisotropy in SiO2—NaO glass
Anisotropy ensembles with variable alkali concentration as a function of frozen-in anisotropic strain. Statistical information
lsi‘ferrzlirsltent homology was extracted on ring (H;) and cavity (Hy) features, whereby anisotropic stretching was found to induce strong
Silicate variations in the ring topology of the —~O-Si-O- backbone, but only minor changes in the overall cavity statistics or

in the Na distribution (the Na distribution was found to be governed by Hy persistence). Tensile fracture led to
total recovery of network topology relative to the pristine (isotropic) glass. In revealing such reactions, PH and
persistence similarity analysis may help to differentiate purely entropic orientation and irreversible structural
alterations leading to glass anisotropy.

1. Introduction

The structure of disordered materials is challenging to describe due
to the absence of long-range periodicity. Quantitative analyses are
typically focusing on short- or intermediate-range structural motifs, such
as interatomic bonds, polyhedral units, and rings of polyhedra [1-4].
Alternatively, global topological parameters have been proposed for
structure-property correlations [5-9]. Various techniques are available
to extract such parameters from glass datasets, from the counting of
topological constraints based on short-range structural information [10]
to persistent homology (PH) analysis of large representations of glass
structure (for example, obtained through atomistic simulation) [11], or
multivariate mining of composition-structure-property datasets [12].
The appeal of constraint counting lies in its simplicity: first-view con-
siderations of cation coordination and interconnectivity allow for sur-
prisingly powerful, semi-empirical predictions of macroscopic material
properties such as hardness, glass transformation temperature, or even
transport phenomena. On the other hand, the method does not truly
reflect glassy disorder or non-affinity [13,14] and, e.g., the interplay of
variable states of bonding from ionic to covalent [15-17].

In contrast, PH is a mathematical tool that extracts topological fea-
tures from network analysis [18,19]. Its primary feature are persistence
diagrams (PDs), which describe the metric birth and death of homolo-
gous classes (simplexes) in a simplicial complex (Fig. 1a). PH has been

* Corresponding author.

https://doi.org/10.1016/j.jnoncrysol.2023.122801

applied to study the structure of glasses, whereby the constituting atoms
are considered as interconnected nodes, and their positions in metric
space are used as the simplicial complex. However, the physical inter-
pretation of PDs of glass ensembles is challenging [11,20-23]. In
particular, it is not possible to infer the structure of a unique simplex
from individual birth-death datapoints due to high degeneracy: a single
point in the PD could originate from a multitude of geometrically
different structures. On the other hand, statistical analysis of PDs has
been demonstrated in principle to enable global insights at
intermediate-range structural features [24].

Here, we consider the applicability of PH analysis in the study of
glasses exhibiting structural anisotropy. This case is unusual in two
regards. For one, there is no anisotropy in topology per se. Secondly,
glasses are usually isotropic materials, but transient or permanent
structural anisotropy can be generated by post-processing. For example,
uniaxial strain [25] above the glass transition temperature Tg, and
subsequent cooling under load lead to a permanently anisotropic glass.
This observation has been related to structural alignment, also reflected
in non-Newtonian flow [26]; it is well-known for phosphate [26-28],
silicate [29], and chalcogenide melts [30,31]. A very practical conse-
quence is frozen-in or transient birefringence, used for (residual) stress
analysis [32]. Aside from its phenomenology, however, the structural
details of glass anisotropy remain unclear, for example, between purely
entropic orientation or irreversible structural alterations. In this case,
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PH analysis could provide additional information, whereby, for
example, entropic stretching (and recovery) would not affect the
extracted PDs, but irreversible effects should also reflect on the PD.

In vitreous silica, the statistics and directional preference of bond-
switching reactions during loading and unloading lead to the orienta-
tion of the tetrahedral building units [33], but global topological
changes are not known. On the other hand, the question as to whether
structurally anisotropic glasses are topologically different from their
isotropic analogues could not only contribute to a more complete picture
of glass anisotropy and its macroscopic consequences. It could also help
to understand transient material reactions during mechanical loading or
thermal relaxation, the presence or absence of rubber elasticity, entropic
relaxation and memory effects, and the role of permanent bond
switching reactions and irreversible deformation [34].

In order to address this question, we apply PH and cavity scale
analysis on isotropic and anisotropic sodium silicate glasses produced by
molecular dynamic (MD) simulation. For this, we conduct similarity
analyses on the full PD in terms of variations in global glass structure as a
function of chemical composition and generated anisotropy; thereby, we
avoid analyzing individual features on the PD. First, we identify the
composition-dependence of global topological features in (NaO)y-
(8i02)1.y glasses. Subsequently, we explore delicate topological changes
induced by uniaxial stretching. In addition to generating graphs that
include all atoms, we conducted PH analysis on filtered graphs that
include only the positions of Si atoms and Na atoms, respectively. While
the Si graph represents the network backbone constructed from SiO4
tetrahedra, the Na graph indicates the presence of percolating network
channels [35-38]. When considering Na topology, PH indicates how the
Na ion network responds to strain, particularly at higher Na concen-
trations, leading to non-random topological adjustment.

2. Methods
2.1. Persistent homology
Persistent homology was computed using HomCloud (3.6.0) [39,40].

For input, we used the point coordinates of atoms in MD models of
vitreous silica and sodium silicate glasses with variable sodium content
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and degrees of anisotropy (see the following section). Persistence dia-
grams were obtained for the full set of atoms as well as for the individual
Si and Na sub-sets, for one and two-dimensional simplices (denoted H;
and Hp, respectively; the index n = {1; 2} is the Betti number corre-
sponding to the number of individual cycles in topological space). Hy
reflects cavity units as defined in PH graph analyses [20,41], using the
atom positions as graph nodes. An example of representing the initial
glass structure as such a graph, together with its associated PD, is shown
in Fig. 1a. The PD is a 2D histogram of the birth and death of complex
simplices corresponding to the glass graph. The birth-death data are
produced as follows: The initial atom positions (nodes) mark the birth of
0-dimensional (Hp) complex simplices, i.e., points with a size of zero
(panel Iin Fig. 1a). Then, a filter is applied simultaneously on all nodes
by growing their radius (panel Il in Fig. 1a). Bonds are formed once any
pair of nodes grown in this way generates a contact point (green sticks,
panel Il in Fig. 1a). At this stage, a part of Hy dies. If a loop or a ring is
formed by the bonds, a 1-dimensional simplex (H;) is born. The H;
simplex dies when its nodes grow to close a ring or loop (red stick, panel
IV in Fig. 1a). Simplices with higher dimensionality (H,, inset of Fig. 1b)
are born upon the formation of a closed surface or cavity. Fig. 2a shows
various Hy simplices (marked in different colors) as the fundamental
network units; they occupy almost the entire volume of the glass
ensemble.

2.2. Glass preparation

To compare the topology of isotropic and anisotropic silicate glasses,
we prepared a series of sodium silicate glasses with varying sodium
content ((Nag0)y-(SiO2)1.y, ¥ = 0, 0.05, 0.1, 0.15, 0.2) using classical
molecular dynamics simulations. All MD simulations were carried out
using the LAMMPS code [42]. The interactions between atoms were
modeled using a potential developed by Pedone et al. [43]. This potential
model was successfully used to simulate the mechanical properties of
several oxide glasses [43-49]. The potential parameters and partial
charges are provided in Ref. [43]. The short-range interaction cutoff was
set to 5.5 A, while long-range Coulomb interactions were treated using
the damped shifted force method [50] with a cutoff of 8.0 Aanda
damping parameter of 0.25 AL,

b)
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Fig. 1. Persistence diagram of vitreous SiO». In the depicted example, a glass cube of 1 nm x 1 nm x 1 nm was extracted from a structural model obtained through MD
simulation at 300 K and using a strain rate of ¢ = 108s~! (see text for details; cyan: Si atoms, red: O atoms). The point coordinates of all atoms were used as the
simplicial complex in persistent homology analysis. (a) Birth and death of one-dimensional simplices, H;. (shown by way of example). (b) Birth and death of two-
dimensional simplices, H, (denoted cavity). (c) Full MD models of sodium silicate and silica glasses before and after uniaxial stretching.
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Fig. 2. (a) Structural representation of H, entities in a section of the simulated SiO, ensemble (cyan: Si atoms, red: O atoms). (b-c) Birth-death histograms (PDs)

corresponding to H; and Hs.

The initial isotropic glasses were prepared by randomly placing
375.000 atoms according to the desired composition in a cubic periodic
simulations box with an edge length that satisfies the experimental
density for each composition [51]. Unrealistic overlaps between atoms
were removed by running a short simulation at 5000 K for 1 ps while
limiting the movement of atoms to 0.5 A/step, with a step size of 1 fs.
Next, the samples were equilibrated at 5000 K for 500 ps in the NVT
(constant number of atoms, constant volume, constant temperature)
ensemble. Then the samples were quenched linearly from 5000 K to
room temperature (300 K) with a cooling rate of 1 K/ps while keeping
the volume fixed. Finally, all glasses were further equilibrated at room
temperature and zero pressure for 1 ns in the NPT (constant number of
atoms, constant pressure, constant temperature) ensemble. The
Nose-Hoover thermostat and barostat [52] were used for temperature
and pressure control. The glass transition temperatures obtained using
this model and for this cooling rate were 3000 K, 2700 K, 2510 K, 2350
K, and 2120 K, for silica and sodium silicate with increasing sodium
content from 5 mol% to 20 mol%, respectively.

Radial distribution functions (RDF) and angular distribution func-
tions for all pristine model ensembles are provided in Fig. S1. With a
bond length of around 1.61 A, the Si-O RDF is not affected by the Nay,O
content. The Na-O RDF shows that the Na-O bond length slightly in-
creases with increasing sodium content, i.e., from 2.267 A to 2.317 A.
The O-Si-O angular distribution exhibits a well-defined peak centered
around 108.5, reflecting the tetrahedral short-range order. The angle
between these tetrahedra is mainly captured by the Si-O-Si angular
distribution function shown in Fig. S1d, with a broad distribution
centered around 151 and slightly shifting towards smaller angles with
increasing sodium content.

2.3. Deformation

The equilibrated stress-free isotropic glasses were subjected to ten-
sile deformation along the x-direction at 300 K using a strain rate of 10°
s~1, while maintaining zero stress along the perpendicular directions. At
strains of ¢4 (where ¢4 = 0 %, 2.5 %, 5 %, 7.5 %, 10 %, 12.5 %, and 15
%), atomic structures were extracted for further topology analysis.
Fig. 1c shows the atomic structure for y = 0 (silica) and y = 0.2 at 0 and
15 % strain. For the sample with y = 0, we observed critical failure at ¢4
= 15 %, however, none of the other MD samples broke when loaded to
the same strain. The complete tensile stress-strain curves of all glasses
are provided in Fig. S2, showing a very narrow plasticity regime
(somewhat broadening with increasing sodium content), and an in-
crease of the failure strain and a decrease of Young’s modulus and yield
stress with increasing sodium content.

2.4. Similarity analysis

The PD is a 2-dimensional histogram A (I x J matrix, indexing from
0toI-1andJ-I). A grain interval of 0.1 A was applied to count for
birth and death datapoints. The same bounds of [0, 4.5] A were set for
both scales. The parameters i and j are the interval indices for birth and
death, respectively. In order to compare the global PH of two glasses, we
consider the similarity of their PDs. The similarity of any two such
histograms is calculated from their cross-correlation normalized to their
individual energies,

I-1 J—1
D02 oAiBiji
I-1 J—1 42 I-1 J—1p2
\/Zi:U j:()AiJ"Zi:O i—oBi;

S = max(s(k,[)) = max (@D

where B is the other histogram to compare toA. Thesisa2l-1by2J-1
matrix that evaluates the similarity of two histograms (images) by
keeping A fixed and shifting B k rows upwards or downwards, or [ col-
umns to the left or right. The shifting indices k and [ are within the
ranges of [-I + 1, I-1] and [-J + 1, J-1], respectively. If the matrix B is
indexed with row indices outside [0, I-1], or column indices outside [0,
J-11, the concerning elements are padded with 0. The value of S denotes
the degree of similarity, where a value of 1 indicates exactly identical
PH, and a value of zero signifies no similarity at all.

3. Results and discussion
3.1. Compositional dependence of ring and cavity features

For isotropic (Na20)y-(SiO2)1.y, the dependence of cumulative PH
(summing-up over Ho, H;, and Hy) on glass composition was previously
reported by Sgrensen et al. [53], using relatively small MD cells (3000
atoms). For studying possible statistical effects of structural anisotropy
(as well as for generating anisotropy in the first place), we require larger
models and, as will be shown in the following, deconvolution of H; and
Hy. We will therefore focus our discussion on the global statistics in
simulation cells involving 375 000 atoms, considering H; and Hj fea-
tures separately. We will start with the effect of chemical composition
and focus on the subsequent similarity analysis and its application to the
case of anisotropic glasses.

Fig. 2b-c show the PDs for the ring (H;) and cavity (Hy) simplices in
MD silica glass. The major part of the (global) structural information is
concentrated alongside the diagonal (dashed line in Fig. 2b-c); only for
Hj, there is a notable feature deviating from this line, born at around 0.8
A. This feature resembles one-half of the fundamental Si-O interatomic
distance; it is the shortest nodal distance in the model; therefore, the PD
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is empty below this value for H; and Hj. Persistence (defined as the
difference between birth and death) is zero on the diagonal and very
small for the data accumulating alongside (<0.1 A in the present case).
Deviations from the diagonal (the widely scattering light-blue ranges in
Figs. 2b-c, 83, S5, S7, S9, S11, and S13) are related to free volume
within the network cavities (Hy), or within fundamental ring units (H;).
The absence of local maxima with finite persistence in Hy indicates that
cavity features are homogeneously arising from a fundamental distri-
bution of ideal super-structural units (with low persistence and rela-
tively high ionic packing density). For example, in Hy of SiOj,
persistence extends to about 2.5 A, meaning that the largest network
cavities exhibit openings of ~ 0.5 nm beyond the effective ionic occu-
pation of the network-forming atom species. The distinct persistent
feature in H; (~ 0.8 10\) reflects smaller -Si-O-Si- rings, which are born
around this length scale (in accordance with the Si-O bond length) and
exhibit a persistence distribution peaking (opening length scale) at
around 1.0 A (death — birth); in this case, the persistence distribution
contains information on the ring size distribution in these glasses [24].

In Fig. 3 and, further, in Supplementary Figures S3-S14, H; distri-
butions are shown alongside the PD diagonals for the total of 35 datasets
with variable chemical composition and degree of uniaxial strain, using
the full set of atoms per model (including oxygen) as well as for the
individual Si and Na graphs, respectively. We have two qualitative
reference scales to evaluate these distributions, i.e., the mean Si-O bond
length (see above) and the typical distance between a sodium ion and its
charge-compensating non-bridging oxygen opponent, Na*-NBO™. For
linear Si-O-Si and Na-O-Na bridges, birth events would appear at these
length values in the PD of the pure Si and Na graphs, respectively (and
similarly, at half of these lengths when including oxygen atoms). Since
the structural linkages are not linear in the actual glass models, the
reference values represent upper bounds for next-neighbor interactions.
The PD data indicate that the overall effect of increasing the NayO

Journal of Non-Crystalline Solids 627 (2024) 122801

concentration is the appearance of rings at around 1.6 A, while larger
rings are consumed compared to pure SiO; (black curve in Fig. 3a). H; of
the Si skeleton alone does not vary significantly, except for some ring
dilation, probably in response to accommodating Na species (Fig. 3b).
Very similarly, this is also seen in the Hj distribution of the Si skeleton
(Fig. 3e), where a new cavity mode grows in at around 3.3 A (we may
speculate that these are Si skeleton cavities within which multiple Na
ions are incorporated at the same time, as discussed in the following).
The H; distribution of the Na atoms alone indicates that they are initially
(at low concentration, y = 0.05) incorporated randomly, with a mean
Na-Na distance of ~ 10 A (corresponding to a Na ion density of ~ 10%!
em™3, in good agreement with the experimental molar volume of the
glass at this sodium ion concentration, see Fig. 3c). At higher Na content,
the ring and cavity sizes do not only become significantly smaller, but
the H; distribution also evolves from more random to highly correlated,
with a peak near 2 A (below the linear Na*™-NBO~ - Na™-distance) and
another one near 3.3 A. H, observations corroborate these H; in-
terpretations (Fig. 3f), except that there are fewer cavity features
involving direct Na-O-Na interaction born near 2 A (probably because
Na triclusters are much less frequent).

Overall, adding Na leads to the creation of more and smaller rings
and cavities (Fig. 3a and d), with Na being less and less randomly
distributed (Fig. 3c). In particular, the number of H; features with a
characteristic scale close to that of the Na"™-NBO™~ bridge indicates
preferential clustering (Fig. 3c). Interestingly, the increase in the frac-
tion of smaller rings is not accompanied by a similarly strong increase in
the occurrence of the smallest cavities (Fig. 3f). From this observation,
we conclude that the Na-O cluster size is limited to 2-3 Na ions, i.e., not
sufficient to reflect in Hy features in the Na skeleton. In the Si skeleton,
the ring and cavity distributions shift the balance in favor of larger
features: the frequency of those features which are already larger than
the Na™-NBO~ bridge increases further; it is unlikely for a Na™ ion to
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Fig. 3. Density distribution of H; (a-c) and H, (d-f) entities for graph representations including all atoms, only Si or only Na. All plots are at 0 % strain.



Z. Pan et al.

widen any interstices that are too small to accommodate the modifier in
the first place (Fig. 3b and e). The parallel evolutions of the Na and the Si
skeletons indicate that Na accumulates within the larger Hy features
seen on the Si network; the existence of larger backbone cavities is the
most probable reason for the selective precipitation of Na once a con-
centration threshold is reached: Na preferably accumulates in network
voids, leading to non-random topology.

3.2. Effects of uniaxial strain

At first view, there is only very little variation in PDs of isotropic
versus anisotropic glasses of similar chemical composition (see Fig. S3).
This is expected because structural anisotropy in glasses is often
assumed to be an entropic [28], fully reversible [54,55] effect of delayed
or frozen-in elasticity [56]. Topological analyses, on the other hand,
would be sensitive only to network variations, requiring (directional)
bond-switching reactions leading to variations in the ring and cavity size
distributions.

For a detailed view, similarity analyses were conducted on the global
H; and H, distributions, for the full set of atoms as well as for the in-
dividual Si and Na graphs (Fig. 4). From this analysis, we find weak but
systematic variations in PH induced by anisotropic strain. These varia-
tions depend on chemical composition and the extent of strain and affect
the Si and the Na graphs differently. In general and except for the Si
graph, the statistical variation between PDs before and after stretching is
on the order of 1 % (Eq. (1)); it reaches 6 % when considering the Si
backbone alone (note that the datapoint for 15 % strain in all atoms/
silica-only PDs is a result of network rupture, see Fig. 1c). Higher Na
concentration reduces the PD dissimilarity caused by anisotropic strain,
and there seems to be a systematic maximum in dissimilarity at a strain
of around 12 %. The data shown in Fig. 4 indicate that topological
variations induced by anisotropic stretching occur primarily in the ring
structure of the Si-O-Si network backbone. Cavity features (Hy) are
much less affected. This seems to describe a type of deformation where

Journal of Non-Crystalline Solids 627 (2024) 122801

the cavity volume is retained; anisotropic stretching appears to be
governed by shear deformation of the SiO4 skeleton. After fracture (SiO»
with g4 = 15 %), similarity is recovered.

4. Conclusion

We analyzed persistent homology of SiO2—NapO MD glass ensembles
with variable alkali concentration as a function of frozen-in anisotropic
strain. Statistical information was extracted on ring (H;) and cavity (Hy)
features, whereby anisotropic stretching was found to induce strong
variations in the ring topology of the ~O-Si-O- backbone, but only minor
changes in the overall cavity statistics or in the Na distribution (whereby
the Na distribution was found to be directly related to Hy cavity statistics
of the —~O-Si-O- backbone, with direct Na-Na interactions being governed
by Hy cavity persistence). Tensile fracture was found to lead to total
recovery of network topology relative to the pristine (isotropic) glass.
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